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Introduction- The problem

Theorem (Chebotarev, 1926)

Ifl,JC{0,1,2,---p— 1} with p a prime and |I| = |J| then the matrix
(Cp)ic1jes has non-zero determinant.

o Discrete Fourier Transform: F, = (¢)) with i,j€ {0,1,--- ,n—1}
@ Chebotarev ~» any (square) submatrix of F, is nonsingular
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Introduction- The problem

Theorem (Chebotarev, 1926)

Ifl,JC{0,1,2,---p— 1} with p a prime and |I| = |J| then the matrix
(Cp)ic1jes has non-zero determinant.

o Discrete Fourier Transform: F, = (¢)) with i,j€ {0,1,--- ,n—1}
@ Chebotarev ~» any (square) submatrix of F, is nonsingular
What about F,, for general n?
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Introduction- The problem

For Finite fields:
Theorem (Zhang, 2019)

Let p, r be distinct odd primes, with p primitive in ¥, and p > I',. Suppose
that w is an r-th primitive root of unity in IF,~—1. Then all submatrices of

(wh)i Ly have non-zero determinant in -1
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Introduction- The problem

Conjecture (Cabrelli, Molter, Negreira (2024) and Caragea, Lee,
Malikiosis, Pfander (2024))

If n is square-free then all principal submatrices of F,, = (C,’{ ) have nonzero
determinant.

Principal submatrix of Fj: (gﬂ),-,je, for some 1 C {0,1,--- ,n—1}
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Introduction- The problem

Both groups arrived independently to the same conjecture, via
a) conditions needed to make bases in f.d. Hilbert spaces woven
b) the construction of exponential Riesz bases.

Question (Caragea, Lee, Malikiosis, Pfander, 2024)

For which N € N does there exist a permutation matrix P such that all
principal submatrices of the column permuted Fourier matrix FyP are
non-singular?
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Introduction- Some first cases

@ Any 2 x 2 principal submatrix of F, is non-singular iff n is square free
n (Cabreli, Molter, Negreira and Caragea, Lee (2024))

@ For n > 4, any 3 x 3 principal submatrix is non-singular iff n is square
free (Caragea, Lee (2024))

@ Any k x k submatrix of F, is invertible if and only if any
(n— k) x (n— k) is invertible (Works for unitary matrices)

o If nis divisible by the square of a prime, then JF, has principal

submatrices of size r x r with determinant zero for all r between 2 and
n — 2(Caragea, Lee (2024)).
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Theorem (L, 2024)

Conjecture holds when a) n = 2p with p an odd prime, and b) n = rp with
r, p distinct odd primes, p primitive in Z, and big enough (p > T,).

A bit more is shown: submatrices of a specific type (principals included)
are non-singular.

Maria Loukaki (Univ. of Crete) Principal submatrices 7/30



n=pr, Fo= ()

The map
Zp X Lr> (ip, ir) — i € Lp

with i =i, - r+i,- p (mod pr) is an isomorphism. For example:
Z‘Sx 71‘5 = l\s
Cay b)) — Hat3b (modd 1S)
I= ), €o,2), (o), (1,0 —> 13,8143

Ch=(CNP-(CDYr=¢p - ¢
and
= (pPle - (P
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If I C Zp x Zy 2 Z, define v
E={icl|i=t} (Lo ) I

fort=0,1,...,r— 1. Observe

= x
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A more general result

Our main result states:

Theorem (L, 2024)

Let n = pr, where p and r are distinct odd primes such that p is primitive
inZ, and p>T,. If ,J < Z, with |I¥] = |J¥|, ,r—1,
then the matrix (C,,),e/ jes has nonzero determinant.
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Sketch of the proof

@ We follow Frenkel's approach to Chebotarev's theorem.
@ Fix n=pr, I, J as in the Theorem. Get

B= (Cg)ielJeJ

Need to show B is non-singular
@ B is non-singular iff whenever z; € Q(¢,) satisfy

Y zi=o0,viel
j€Jd
then z; = 0 for every j € J.
@ without loss may assume z; € Z[(,] (multiply by denominators)
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Sketch of the proof

@ We follow Frenkel's approach to Chebotarev's theorem.
@ Fix n=pr, I, J as in the Theorem. Get

B= (Cg)ielJeJ

Need to show B is non-singular
@ B is non-singular iff whenever z; € Q(¢,) satisfy

Y zi=o0,viel
jed
then z; = 0 for every j € J.

@ without loss may assume z; € Z[(,] (multiply by denominators)
@ The problem is translated to: Let

1) = 3 2 € Z[CaIIN
jed
e If r(x) vanishes at ¢/ for all i € I ( with I, J, n as in the theorem),

@ then r(x) is the zero polynomial.

Maria Loukaki (Univ. of Crete) Principal submatrices 11/30



Sketch of the proof

o It suffices to show that all z; are divisible by 1 — (, in Z[(,].
Why?
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Sketch of the proof

o It suffices to show that all z; are divisible by 1 — (, in Z[(,].
Why?

@ Because: We divide with 1 — ¢, and iterate the argument leading to
descent infinie.

@ Z[Cp] is a Dedekind domain so there is a max power of the prime ideal
(1 —(p) that divides every ideal (z;).
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Sketch of the proof

@ Define o
gxy) =Y zpdy € Z[Gylx, )
jed
So
8(Go" P = > ZiGpPP e = " 7i(h =
jed jed
forall ie |l
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Sketch of the proof

S={je =k #0
and |J5| = |
Put them in order 0 < /K| < |2 < ... < |/I:|L||
For t € L= {ki,--- , ky} define

Te(x) = g(x, P =D PR " zpde € Z[¢) (4

kel jesk

T(ChP) =0 for all i € It

Note /£ > i = (i, t) and so (,” are all distinct, as i, are all distinct
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Sketch of the proof

Rewrite Ty(x) = Y4, (P Sk(x) with Si(x) = 32 y zpd®
End up with the system

Ti(x) S1(x)
| =R
T (%) Si(x)

. k
The matrix R= (Rex) = (Cft kel = (w:k)t,keLv and w, = (7 a
primitive r-th root.

Note all the coefficients are in Z[(,]

Now we mod out everything with the ideal (1 — () i.e. work in the
quotient Z[Cp] /(1 — (p).
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Sketch of the proof

Lemma(L, 2024)

Assume p, r are distinct odd primes such that p is primitive in Z,. Then

Z[Cpf']/<1 - Cp) = ]Fpr—l

and the image C, of ¢, € Z[Cp] in Z[Cpr] /(1 — Cp) is also a primitive r-th
root of unity in F—1.

We get ; =R. ;
Ty (x) Sy1y(x)
R is invertible by Zhang's Theorem!!

Maria Loukaki (Univ. of Crete) Principal submatrices 16 /30



Sketch of the proof

Solve for S to get

‘_Skl (X) = Z étTt(X)

tel
with a; € Z[Cn] /(1 — Cp)
But T¢(x) is divisible by (x — T)I"!
So Sy, is divisible by (x— 1)/""|
1 is a root of Skl of multiplicity at least |I’,‘1|
By hypothesis |J’r‘1| — |/lr<1|
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Sketch of the proof

@ By definition
Sk (x) = Z ZJ'XIP
e

o Thus, the number of non-zero coefficients of Sy, (x) is at most |/ |

Lemma (Frenkel, 2004)

Let F be a finite field of characteristic p and 0 # g(x) € F[x] be a
polynomial of degree < p. If 0 # a € F is a root of g(x) then its
multiplicity is strictly less that the number of non-zero coefficients of g(x).

@ Hence Skl = 0, by Frenkel's lemma, i.e.

(1-¢p) |z, forallje Ja
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Sketch of the proof

@ Repeat the argument for the system
__rk2 (X) Skz (X)
.| =D
Tk\u (x) Sk\u (x)

with D = (D, k) = (@) ke ks -

o Get 3/(2 =0.
o Repeat. End up with S, =0 fori=1,---,]|L|.
® But Sk(x) =3 ek zpde. So 1 — ¢, divides z; for all j € Jk

Also U‘,ﬂl Jhi=J
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Sketch of the proof

Hence the initial polynomial

r(x) = Z zpd

Jjed

has coefficients all divisible by 1 — (,!!!!
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Uncertainty Principle

As a corollary we get an “Uncertainty Principle”

Corollary (L, 2024)

Let p and r be distinct odd primes, with p being primitive in 7., and
p>T. Iff: G:=Z, x Z,— C is a non-zero function, then for at least
onei€{0,1,...,r—1}, we have

~

|supp (f) N G| + |supp (F) N E,| >p+1.

where G = 7, x {i} = {(k,i) | k € Z}.

N T ST A

=4
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Uncertainty Principle-Sketch of the proof

so
[supp (1) N G| < p — [supp (1) N G
o Let A;:=supp (f) N G;.
@ Then there exists B; C G; with |A;| = |Bj| and f(b) = 0 for every
be B,

2N AL vown- 2€r0s od g‘ow@,;

L i

I\BL 1cros ok %— on G
N
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Uncertainty Principle-Sketch of the proof

o If
r—1

— —1
A::UA,-and B:UB,-
i=0 i=0

@ Then A = supp fand /f\]B = 0.
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Uncertainty Principle-Sketch of the proof

o If
r—1 r—1
A:=|JAiand B=[]B;
=0 i=0
@ Then A = supp fand /f\]B = 0.

The matrix (Cﬁn)ieAJeB defines a linear map T: 2(A) — P(B).

T(f) :713 = ( for the non-zero function f.

Hence the matrix ((m)ica jes is singular.

Contradiction to the theorem (as A, B satisfy the hypothesis: same
cardinality at every i-level)

Maria Loukaki (Univ. of Crete) Principal submatrices



A bit of algebraic number theory

We want to prove

Lemma(L, 2024)

Assume p, r are distinct odd primes such that p is primitive in Z,. Then

Z[Corl /(1 — Cp) = F 1

and the image (, of ¢, € Z[(p] in Z[Cpr]/(1 — (p) is also a primitive rth
root of unity in F—1.

e K/Q Galois, [K: Q] = n, R alg. integ. of K,
e e = e(P;/p) ramification index, f= f(P;/p) residual degree,
o f=I[R/P:Zp
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A bit of algebraic number theory

K R pK‘\ﬁ 1 LeLl

L= o If K=Q(¢,) then
R= Z[gn]
@ Assume n = pm and
(p,m) =1
Then
Q L P e e=p—1, r:@with

h the order of pin Z7,
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Sketch of the proof of Lemma

Want: Z[(n)/(1 — (p) = S/PS to be a finite field
e Have pR= PPl 50
L= S=1t§n] PS=Tr Q&) e(P/p) =p—1 and

fP/p) =1
Gm) e L/Q Galois so
p-1 r
k=B, R=Zty,] =P ps=TI QP
GCP) =
with e(Qi/p) = p—1
®, L P and r= d’(m) where h is

the order of pin the

P= (1 = (p)R unique above pZ multiplicative group Zj,
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Sketch of the proof of Lemma

e L/K Galois so
PS — H Qf(Q/P)-
i=1
o PS=(1—-¢p)Sprimeiff r=1iff ¢(m)=nh

@ Transitivity of ramification
p—1=e(Q/p) = e(Q/P)-e(P/p) = e(Q/P)-(p—1) <= €(Q/P) =1

@ Soforr=1get PS= Q and

o o(m) = h=1AQ/p) = S/Q: Z/pZ) = [Zcal /(1 — ) : 7,
o Hence Z[(,)/(1 — (p) is a finite field of order ph = p?(m)

o 7 is cyclic iff m = 2,4, g* or 2¢* (done by Gauss)
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Current status of the conjecture

Theorem (Caragea-Lee-Malikiosis-Pfander, 2025)

Assume N = py - - - px for primes with py < ps < --- < px and pjr1 > 1T;
where I'; depends on pip> - -- p;. Then all principal submatrices of Fy are
non-singular.

Their result uses
@ Tao's approach of Chebotarev's theorem, and
@ An improvement of Zhang's theorem where the condition of
primitivity is removed, but the bounds are kept the same.
Simultaneously and independently:

Theorem (Emmrich and Kunis, 2025)

Let p,r € N be two distinct primes, w, € F,—1 be a r-th root of unity, and

p sufficiently large, then all submatrices of the matrix (w’,j) have non-zero
determinant in 1.

Their bounds are considerably improved.
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Current status of the conjecture

As far as the question of C-L-M-P regarding the permutation matrix, they
found a counterexample:

Theorem (Caragea-Lee-Malikiosis-Pfander, 2025)

If N =16 no permutation P exists so that the matrix F14P has all its
pincipal submatrices non-singular.

The refined new question is:

Question (Caragea-Lee-Malikiosis-Pfander, 2025)

Does there exist a permutation matrix P, so that all principal minors of
FnP are non-zero, exactly if N is not divisible by a fourth power of a
prime?
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il
Thank you!
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